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We evaluate, within a single-band tight-binding model, the resonant transmission probability for a
particle through a symmetric barrier-well-barrier potential structure. This is a simplified model of
resonant tunneling through (C'ra, A1)AS-GaAs-(Ga, A1)As heterostructure. We examine both the cases
of minimum of the band states at the center (direct-gap tunneling) and at the edge (indirect-gap tun-
neling) of the Brillouin zone for the barrier material. We show that only the lowest —traveling-
wave —energy states, irrespective of their symmetry, dominate the tunneling.
I. INTRODUCTION
Resonant tunneling in GaAs-(Ga, A1)As quantum wells
is one of the first experimental techniques used to demon-
strate the existence of discrete quantum states in
(Ga,A1)As-GaAs-(Ga, A1)As heterostructures. ' Recently,
the possibility of producing high-quality samples and the
renewed interest in devices based on resonant tunneling
has led to several experimental investigations of the
phenomenon. There is increasing evidence, from
resonant tunneling measurements under high applied bias
and also under pressure, that tunneling may take place
through states at the edge of the Brillouin zone. ' The
conceptual framework within which these experiments are
usually analyzed is that of the effective-mass approxima-
tion, the key quantities being those of barrier heights
(band offsets) and effective masses needed to evaluate
transmission probabilities. Although very useful, this ap-
proach is qualitatively and quantitatively open to criti-
cism when states from different regions of the Brillouin
zone are seen to be involved in the tunneling process.
What is needed is a fresh look at the question and a more
appropriate conceptual framework, better suited to handle
the intricacies of the problem, while preserving as far as
possible the clarity of the effective-mass approximation.
It is convenient to keep in mind here the example of the
electronic structure of surfaces, for which the Bloch wave
vector perpendicular to the surface is not a good quantum
number and the notion of projected densities of state, or
spectral densities of states, for fixed values of the Bloch
wave vector parallel to the surface plays a role similar to
that of the more conventional dispersion relation in bulk
problems. In the structures considered in the experiments
mentioned above we have a similar situation, and the cus-
tomary representation of potential profiles for energy
states of a given symmetry is of limited, although non-
negligible, value.
Quantitative studies of resonant tunneling have, thus
far, been based on the effective-mass approximation.
Tunneling through one barrier, incorporating a more real-
istic band structure, has been studied by McGill and colla-
borators, by Osbourn and Smith, and, for a simpler
model, by Brey and Tejedor. The aim of this work is to
present a calculation of resonant tunneling through a
symmetrical barrier-well-barrier configuration based on a
model that is exactly soluble, i.e., does not make use of the
effective-mass approximation, and where several concep-
tual points of interest can be clearly addressed. These are
(a) the tunneling probability for arbitrary values of the in-
cident energy or applied bias, (b) the role of direct versus
indirect band-gap tunneling, and (c) the nature of the
wave function in either case. Because of its great sim-
plicity, our model is well suited to a preliminary discus-
sion of these points.
II. MODEL CALCULATION
We begin by presenting our model Hamiltonian, which
consists of a one-dimensional chain of s orbitals, treated
in the tight-binding approximation. The chain is formed
by two semi-infinite segments of 3-type atoms, between
which is introduced the symmetrical barrier-well-barrier
structure, composed by three sequential layers of Xb, 8-
type, X 3-type atoms, and Xb B-type atoms again, as
shown schematically in Fig. 1. The tight-binding parame-
ters for the pure A (B) -atom chain are the following:
atomic energy E„(Ett) and first-nearest-neighbor hop-
ping matrix element V„„(Vn~). These parameters deter-
mine the bulk dispersion relations:
EJ(k) =Eq+2 VJJcos(k a), J=A or B,
where k is the Bloch wave vector and a is the lattice pa-
rameter of the chain. If VJJ &0, then the bottom of the
band is at k=0, whereas if VJJ &0, it is at k=~/a. We
take Vzz always less than zero and Vzz either less than
or greater than zero. We refer to the first case as the
"direct gap" and to the second case as the "indirect" gap
band structure, although it should be kept in mind that
this is a single-band model. The effective masses for elec-
trons (bottom of the band) and holes (top of the band) are
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We first examine the case of direct gap, for which we
show the results in Fig. 2. The minimum of the conduc-
tion band is at the I point in both well and barrier. This
is a less interesting case, but it is useful for comparison
with the indirect-band-gap situation. In Fig. 2(a), we
show the transmission probability as a function of in-
cident electron energy for two different geometries, and in
Fig. 2(b) as a function of applied bias, for two different
incident electron energies. The transmission probability
curves, at fixed bias (varying the incident electron energy)
or at fixed energy (varying the applied bias) are qualita-
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FIG. 1. Bulk conduction bands for the semiconductors in the
well (a) and barriers (b). The one-dimensional symmetric chain
of s orbitals is sketched in (c): Regions I and III are barriers
and II is the well. The corresponding hopping matrix elements





















In order to simplify the presentation, we consider here
only the case Ez —E~, so that the band discontinuities de-






VAA I, so that the 8 material is a barrier for
both direct and indirect gap cases, which are illustrated in









For the model Hamiltonian
H= g(E.
I
~&&n I+v.,.+i In&(n+I I
where the site occupation corresponds to the schematic ar-
rangement shown in Fig. 1, the problem of transmission
through the barrier-well-barrier can be exactly solved nu-
merically by using a decimation technique, ' and then the
wave function can be evaluated by standard methods.
The advantage of this technique is that it reduces the
computation of reflection and transmission amplitudes to
the solution of a simpler set of two linear equations, once
the degrees of freedom of the relevant portion of the chain
have been eliminated. In the presence of an external bias
N we write
E„=EJ—N„/(2Nb+N~ ), (4)
where EJ ——Ez or Ez, depending on the type of atom at
the nth site. In the numerical results presented below, we
have taken Nb —22, N =21, Ez —Ez —14.45 eV,
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FIG. 2. Top, transmission probabilities, as a function of the
incident electron energy, for two different well thicknesses: 13
(continuous line) and 21 atoms (dashed line) of the chain in the
well. The total width of the central portion of the chain is the
same in both cases, 65 atoms. Bottom, transmission probabili-
ties as a function of applied bias for the structure with 21 atoms
in the well for two different energies of the incident electron:
0.20 eV (continuous line) and 0.40 eV (dashed line). The tight-
binding parameters in all these cases were chosen to give a band
offset of 0.5 eV and the GaAs I -point conduction-band mass:
E& —E& —14.45 eV, V» —7.225 eV, and V» —6.975 eV. The
zero of the energy is taken to be the bottom of the conduction
band of the host material (3).
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tively very similar to those obtained within the effective-
mass approximation, although quantitatively they do not
agree in detail.
Of greater interest is the spectral weight of the Fourier
transform of the wave function inside the barrier-well-
barrier region, which is shown in Fig. 3, for zero applied
bias. (a) For low energies (E=0.01 eV) the wave function
has a large spectral weight near the center of the zone, but
it is by no means a pure k=O state. The tunneling state is
an admixture of states from all over the Brillouin zone, as
one might intuitively expect. (b) Near the position of the
lowest resonance (E=0.086 eV), the spectral weight is
much more concentrated at low values of k. The large
peak at k=O reflects the large average value of the wave
function inside the well, at resonance. The oscillations
and subsidiary peaks are similar to those obtained within
the effective-mass approximation. (c) As the energy in-
creases (E=0.10 eV), the spectral weight shifts away from
k =0, because the next resonance is an odd function with
respect to the center of the structure, i.e., has zero average
value. (d) At the position of the second resonance
(E=0.32 eV), the spectral weight goes to zero at k=O, as
expected. In agreement with the fact that we have a
direct gap system, the spectral weight remains, for low en-
ergies, concentrated near the zone center.
Next we consider the indirect gap case, for which the
energy minimum in the barrier is at the zone edge. This
case cannot be treated within the effective-mass approxi-
mation. Interestingly enough, the transmission probabili-
ty curves are identical to those shown in Fig. 2, showing
that tunneling takes place through the lowest barrier, ir-
respective of its symmetry character. This result can be
understood from the fact that, in the direction perpendic-
ular to the interface, the Bloch wave vector is not a good
quantum number. We refer then to the projected density
of states" as the relevant physical quantity, instead of the
dispersion relation. In our particular model, the projected
density of states is the same in both direct and indirect
gap cases, indicating that, this is the quantity determining
the tunneling probability, once we go beyond the
effective-mass approximation. However, the spectral
weight distributions of the wave functions are markedly
different between the two cases considered here. They are
shown in Fig. 4 for exactly the same energy parameters as
in Fig. 3. Note that the spectral weight at low energies is
much more uniformly distributed through the Brillouin
zone, but has a maximum at the zone edge. The lowest
resonant state has a strong contribution from k=O, but
the spectral weight oscillates throughout the Brillouin
zone.
A comparison of the spectral weight of the wave func-
tions for direct and indirect tunneling shows that, when
speaking of intravalley or intervalley tunneling, we must
keep in mind that the actual wave function is a superposi-
tion of wave vector components from different Brillouin-
zone points. This is particularly true in real materials,
where the complexity of the band structure may give rise
to energy degeneracies for states with different k vectors.
Our simple model cannot treat this case, since in the one-
band situation envisaged here there are no degenerate
states.
In order to better understand these results, we plot, in
Fig. 5, the actual wave functions in real space for (a)
E=0.01 eV, (b) near the first, even, resonance E=0.086
eV, and (c) near the second, odd, resonance E=0.32 eV, at
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FIG. 3. Spectral weight of the Fourier transform of the wave
function inside the barrier-well-barrier region in the direct gap
case at zero applied bias (the tight-binding parameters are the
same as in Fig. 2, and the well has 21 atoms), at four different
electron energies: (a) 0.01 eV, (b) 0.086 eV (first resonance), (c)
0.1 eV, and (d) 0.32 eV (second resonance).
FIG. 4. Spectral weight of the Fourier transform of the wave
function at zero applied bias inside the barrier-well-barrier re-
gion in the indirect gap case for different electron energies: (a)
0.01 eV, (b) 0.086 eV (first resonance), (c) 0.1 eV, and (d) 0.32 eV
(second resonance). The tight-binding parameters are the same
as in Fig. 2.
SIMPLE MODEL FOR RESONANT TUNNELING BEYOND THE. . . 8129
merical comparison of these results, is that both direct
and indirect gap wave functions have exactly the same
envelope —to borrow an expression from effective-mass
theory. The indirect gap wave functions are numerically
equal to the direct gap wave functions, multiplied by a
Bloch function of X-like symmetry in the barrier regions,
i.e., alternating in sign on succeeding atoms along the
chain and by a Bloch function of I -like symmetry in the
well region. This seems to confirm the intuitive notion
that the important barrier states in tunneling are just
those corresponding to the propagating states of lowest al-
lowed energy. It also suggests that a relatively simple ex-



















0.8 I . 2
ENERGY (eV)
I.6 2.0
FIG. 6. Transmission probability as a function of energy at
zero applied bias through all the band width of the well in a
symmetric barrier-well-barrier structure with 11 atoms in the
well and 11 in each barrier. The tight-binding parameters are
chosen to give a 0.4-eV band offset for both electrons (bottom of






In Fig. 6 we show an interesting result which cannot be
obtained within the effective-mass approximation. This is
the tunneling probability for the full energy range of our
one-band model. At low energies we have resonant tun-
neling by electrons, at intermediate energies we have
transmission through traveling waves in both barrier and
well materials, and, finally, at high energies we have tun-
neling through states near the top of the band (hole tun-
neling). The parameters used, for numerical reasons, are
different from the ones in the previous figures.





FIG. 5. Wave functions plotted in real space in the sym-
metric barrier-well-barrier structures with 21 atoms in the well,
for the same tight-binding parameters as in Fig. 2. The vertical
lines indicate the barrier/well and well/barrier interfaces. (a)
shows the direct gap case and (b) the indirect gap case. The
upper (lower) curve, within each diagram represents the real
(imaginary) part of the wave function. Top: E=0.01 eV. Mid-
dle: E=0.086 eV. Bottom: E=0.32 eV.
In summary, we have presented results which help to
clarify the conceptual problem of resonant tunneling
beyond effective-mass approximation. The conclusions
we reach cannot be straightforwardly generalized to real-
istic cases, where tunneling may proceed through several
different "channels, " i.e., degenerate or quasidegenerate
states of different symmetries, as in Crap 6AlpgAs where
the I"- and X-point states are almost degenerate. We
have shown that the transmission probability is indepen-
dent of the symmetry character of the lowest state in the
barrier in a simple one-band model. There remain open
questions, which this model cannot answer, and which are
now being investigated, by extending the present method
to deal with a realistic three-dimensional Hamiltonian for
the (Ga,A1)As-GaAs-(Ga, A1)As system. In particular, the
two most intriguing ones, in our opinion, are (i) what hap-
pens when states of different symmetries in the bulk, say
I, L, and X, become nearly degenerate and (ii) whether it
is possible to generalize effective-mass approximation to
deal in a simple way with such cases.
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